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Abstract. We study the collective dephasing process of a system of non-interacting
atomic qubits, immersed in a spatially uniform magnetic field of fluctuating intensity.
The correlation properties of bipartite states are analysed based on a geometric
representation of the state space. Particular emphasis is put on the dephasing-assisted
generation of states with a high correlation rank, which can be related to discord-type
correlations and allow for direct applications in quantum information theory. Finally
we study the conditions that ensure the robustness of initial entanglement and discuss
the phenomenon of time-invariant entanglement.
1. Introduction
Ensembles of trapped, laser-cooled atomic particles provide some of the best-controlled
experimental platforms to study quantum dynamics, to engineer effective interactions,
or to generate specific quantum states [1, 2, 3, 4, 5, 6, 7, 8]. An essential requirement
for such levels of control is the efficient isolation of the system from its environment,
whose detrimental influence leads to the decay of coherent superpositions [9]. The loss
of coherence often also implies the loss of quantum correlations, such as entanglement,
which are required, e.g., to process quantum information [10, 11].
One persistently dominant source of error, common to most experiments on trapped
atomic particles, is caused by intensity fluctuations of external electromagnetic fields,
which are needed to lift degeneracies, to compensate background fields, or to manipulate
the quantum state of the system [5, 7]. Since such fields are typically generated by
large coils outside the vacuum chamber, the resulting field is spatially homogeneous
along the positions of the trapped particles. The unavoidable fluctuations of the field
strength therefore lead to a collective dephasing process, which is formally described by
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an ensemble average over the fluctuating parameter [6, 12, 13, 14, 15, 16]. The collective
nature of this noise provides new possibilities to protect coherent superpositions [15],
and, as demonstrated in a recent experiment [6], to generate robust, strongly correlated,
albeit separable quantum states.
In this article we study the impact of the collective dephasing process on different
types of correlations inscribed into quantum states, using the analytical description
of the collective dephasing dynamics outlined in [15]. Our analysis focuses on the
correlation rank, which in turn entails direct consequences for the discord-type correlations
[17]. Specifically, in Sec. 4, we study how strongly correlated two-qubit states can be
generated via collective dephasing, as a function of tunable external control parameters,
e.g., the magnetic field direction. We discuss specific applications of the produced
quantum states in the context of quantum information protocols. In Sec. 5 we follow
a complementary approach and analyse the protection of existing correlations during
the collective dephasing process. We further discuss robust conditions that lead to
the striking phenomenon of time-invariant entanglement: the perfect conservation of
the initial entanglement, even for states whose purity is reduced due to the dephasing
process.
2. Correlations in quantum states
2.1. Entanglement, discord and correlation rank
We begin by reviewing different notions of correlations in quantum states that will
become relevant in the course of this article. Quantum entanglement captures the
non-classical correlations of a quantum state in a composite Hilbert space HA ⊗ HB,
i.e., it expresses the inability to characterize the full quantum state ρ via a classical
probability distribution pi and local density operators {ρAi }i and {ρBi }i on the local
Hilbert spaces HA and HB, respectively. In particular, a quantum state is separable (i.e.,
not entangled) if it can be expressed as a convex linear combination of product states
[10, 18, 19],
ρs =
∑
i
piρ
A
i ⊗ ρBi . (1)
Determining whether a given mixed quantum state is entangled, or evaluating an
appropriate measure to quantify entanglement, is generally a very hard task [19, 10].
Only for the special case of two-qubit systems (HA = HB = C2), an algebraic expression
that exactly quantifies the entanglement of arbitrary mixed states is available [20]. This
measure, the concurrence, is determined on the basis of the eigenvalues λi of
√√
ρρ˜
√
ρ,
labelled in decreasing order, where the spin-flipped state ρ˜ = (σy ⊗ σy)ρ∗(σy ⊗ σy) is
obtained by collective application of the Pauli matrix σy to ρ
∗, and complex-conjugation
is performed in the computational basis. The concurrence of the state ρ is then given
by C(ρ) = max{0, λ1 − λ2 − λ3 − λ4}. For higher dimensional problems, only algebraic
lower bounds are available [19].
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The quantum discord describes the disturbance of local measurements on quantum
states of composite systems [21]. As we will see in the following, these features related
to the quantum-mechanical measurement process can be expressed via non-vanishing
commutators, and can only occur in correlated quantum states. They can, however,
also manifest in separable states that exhibit only classical correlations, and therefore
describe a more general type of quantum properties than entanglement. Formally, a
state ρ has zero discord if it can be written as [21]
ρc =
∑
i
pi |ψAi 〉 〈ψAi | ⊗ ρBi , (2)
where {ψAi }i is an orthonormal basis of HA. This definition is equivalent to the following:
a state ρ has zero discord if and only if there exists a non-selective local projective
measurement on HA that leaves the state invariant, i.e., ρ = ∑i(ΠAi ⊗ IB)ρ(ΠAi ⊗ IB),
where ΠAi = |ψAi 〉 〈ψAi |. The definition presented here considers measurements on HA and
is straight-forwardly extended to measurements on HB. Due to the asymmetry of the
definition, one should always specify in which subsystem measurements are performed,
when discussing quantum discord.
Notice that every zero-discord state is separable but the converse is not true. The
two concepts coincide only in the case of pure states. In contrast to entanglement,
local operations on one of the subsystems can generate discord [6, 22], which confirms
that discord is not a proper measure for correlations. To quantify the correlations of a
bipartite quantum state, we employ the rank of an appropriately constructed correlation
matrix (the correlation rank), which is the minimal number of bipartite operator products
needed to describe the density operator [16, 17]. For the formal definition, we write the
density operator ρ in an arbitrary basis of local Hermitian operators {Ai}i and {Bj}j
[22]:
ρ =
d2A∑
i=1
d2B∑
j=1
rijAi ⊗Bj, (3)
where dA,B = dimHA,B. Here R = (rij) is the correlation matrix, a real-valued d2A × d2B-
dimensional matrix whose rank L is then called the correlation rank [17]. Employing a
singular value decomposition, we find non-zero singular values {c1, . . . , cL} and orthogonal
matrices U = (uij) and V = (vij) such that R = Udiag (c1, . . . , cL)V
T . We obtain
ρ =
∑
i,j
rijAi ⊗Bj =
∑
i,j
L∑
k=1
uikckvjkAi ⊗Bj =
L∑
k=1
ckSk ⊗ Fk, (4)
where Sk =
∑
i uikAi and Fk =
∑
j vjkBj. The above decomposition can be regarded
as a Schmidt decomposition of a density matrix in terms of local operator bases [16].
A more familiar application of the Schmidt decomposition is known for pure bipartite
quantum states, which are decomposed in terms of local vectors [10]. The associated
singular value decomposition yields the Schmidt rank, which quantifies how entangled
a pure state is [10]. Consequently, the correlation rank stands in close analogy to the
Schmidt rank. In general, the correlation rank does not quantify entanglement but rather
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total correlations, i.e., any incompatibility with an uncorrelated product state, without
an explicit distinction between classical and quantum nature of the correlations. In the
special case of a pure state one obtains L = S2, where S denotes that state’s Schmidt
rank [16].
Conclusions about the local quantum nature of the state can be drawn from
the correlation rank by realizing that its maximal value is bounded from above for
all zero-discord states. Generally, the correlation rank cannot exceed d2min, where
dmin = min{dA, dB}. However, as can be seen from the definition (2), states of zero
discord with respect to measurements on HA,B are represented in terms of local projectors
|ψA,Bi 〉 〈ψA,Bi | onto orthogonal subspaces. Since there exist no more than dA,B orthogonal
subspaces in HA,B, the correlation rank of zero-discord states is bounded by L ≤ dmin.
This is directly related to the observation that the operators Si, which appear in
Eq. (4), can be used to assess the discord of ρ: the state ρ has zero discord (with respect
to measurements on HA) if and only if all of the Si commute [22]. While local operations
cannot increase the correlation rank L [17], they can change the commutativity of
the local operators Si, and thereby generate discord [22] without actually generating
correlations [17].
The correlation rank allows to distinguish separable states with high correlation
rank (dmin < L ≤ d2min) from those that can be generated from states of zero discord
via local operations, as characterized by a low correlation rank (L ≤ dmin). Separable
operations of the form
∑
i piΦ
A
i ⊗ ΦBi , with local operations ΦA and ΦB, can generate
classical correlations among the particles and, consequently, are able to increase the
correlation rank [6]. The collective dephasing operation to be discussed in this article
represents such a separable operation.
2.2. Representation of bipartite states
The density operator of any bipartite system can be represented in terms of the operator
bases {IdA ,σA}⊗ {IdB ,σB}, where σA,B denote vectors whose entries are the generators
of SU(dA,B), and IdA,B denote the respective identity operators. We obtain the state’s
Fano form as [23, 24]:
ρ =
1
dAdB
IdAdB + rA · σA ⊗ IdB + IdA ⊗ rB · σB + d
2
A−1∑
i=1
d2B−1∑
j=1
βij(σA)i ⊗ (σB)j
 , (5)
where rA and rB are the (generalized) Bloch vectors of the reduced subsystems, and β is
a real (d2A− 1)× (d2B − 1) matrix that describes the correlations between the subsystems.
Because the state is completely characterized by rA, rB and the β matrix, throughout
this article we will use the compact notation ρ
.
= (rA, rB, β) [25]. From the representation
(5) it immediately follows that the correlation matrix of ρ is given by
R =
1
dAdB
(
1 rTB
rA β
)
, (6)
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whose rank rk is [26]
L = rk(R) = 1 + rk (β − rA ⊗ rB) . (7)
While for a rigorous proof of the above identity we refer to Ref. [26], we remark that
the result can be obtained via block-diagonalization of the matrix R = Pdiag(1,M)Q,
where P and Q are rank-4 matrices and, in this case, M = β − rA⊗ rB is a 3× 3 matrix
called the Schur complement (of the submatrix 1).
In the remainder of this article, we mostly employ the reduced Bloch vectors and the
β-matrix to investigate the impact of the collective dephasing process, which allows for
an intuitive geometric description. A tool that we often employ to simplify our analysis
are local unitary transformations, since these affect neither the state’s entanglement
properties (by definition [10, 19]) nor its correlation rank (as we show explicitly later).
Following [25], we consider transformations U = UA⊗UB such that ρ′ = UρU †. For every
unitary transformation UA, there exists a rotation OA on the respective (generalized)
Bloch sphere such that UA (v · σA)U †A = (OAv) · σA. We then obtain the following
transformation rules:
r′A = OArA, r
′
B = OBrB, β
′ = OAβOTB. (8)
If two matrices β and β′ can be transformed into each other by such an operation, we
write β′ ∼ β. In particular, we can always diagonalize the β matrix by applying unitary
transformations to the underlying quantum state.
We now show that such transformations do not change the rank of the correlation
matrix. If M = β − rA ⊗ rB, we have
M ′ = β′ − r′A ⊗ r′B (9)
= OAβO
T
B −OArA ⊗OBrB (10)
= OA (β − rA ⊗ rB)OTB = OAMOTB. (11)
The rank of M is defined by the image of the linear map f : x 7→Mx:
rk(M) = dim Image(f) = dim{y ∈ RdA : y = Mx, x ∈ RdB}. (12)
Since OA and OB are orthogonal matrices, we have
{y ∈ RdA : y = M ′x, x ∈ RdB} = {y ∈ RdA : y = OAMOTBx, x ∈ RdB} (13)
= {y ∈ RdB : (OTAy) = M(OTBx), x ∈ RdB}. (14)
Since the maps y 7→ z = OTAy and x 7→ w = OTBx are bijective, we finally obtain
rk(M ′) = dim{z ∈ RdA : z = Mw, w ∈ RdB} = rk(M). (15)
In the following, we analyse the impact of the collective dephasing process, to be
introduced in the next section, on the different concepts that were introduced in this
section, all of which are intimately related to correlations in quantum states.
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3. Collective dephasing: Kraus map representation
3.1. Ensemble average dynamics
Collective dephasing describes the dynamics of N particles that share the same
environment, but experience no direct particle-particle interactions among each other.
The environment does not induce exchange of energy with the particles, and hence
does not lead to dissipation, but rather to pure dephasing, i.e., loss of phase relations
without loss of populations. A physically relevant example of such a scenario was already
mentioned in the introduction: when an ensemble of atomic dipoles is spatially confined
in a region where the electromagnetic field is homogeneous, all dipoles share the same
transition frequency. The fluctuations of the field then lead to a collective dephasing
process [5, 7]. The quantum state that predicts the measurement results after many
experimental repetitions is described by the ensemble average over the actual realisations
of these fluctuations [6, 15].
Let us consider magnetic dipoles, described by two-level systems, in a constant
magnetic field B. The Hamiltonian H of the N -particle system is given by H = γB · S,
with S =
∑N
i=1 σ
(i), where here σ(i) is a vector of Pauli matrices on the Hilbert space of
the ith particle, and further constants are absorbed into γ. Identifying ~ω/2 = γB, with
B = Bn, we write
H =
~ω
2
N∑
i=1
n · σ(i). (16)
For a fixed magnetic field strength B, the fully coherent dynamics of the total system is
given by
ρ(t) = e−iωtn·σ/2 ⊗ · · · ⊗ e−iωtn·σ/2ρ(0)eiωtn·σ/2 ⊗ · · · ⊗ eiωtn·σ/2, (17)
where ρ(t) is the N -particle density operator at time t. The dephasing process is now
described by an ensemble average over the fluctuations of B. The physically intuitive
reason for such a description is the necessity to repeat experiments many times to
produce significant statistics for the efficient estimation of the populations. We make
the following assumptions on the fluctuations of B:
• the direction n of the magnetic field is constant, and the fluctuations only affect
the field strength B;
• the magnetic field may change from experimental run to the next, but within each
run we assume the magnetic field to be constant.
Both of these assumptions can be motivated at the hand of state-of-the-art experiments
on cold atoms or trapped ions: the external field influences the energy splitting of the
atomic two-level systems through a Zeeman effect, as described above, and, thus, the
field is chosen strong enough to dominate over the effect of possible stray fields. The
field therefore has a fixed direction (satisfying the first of the two above assumptions),
but small fluctuations of the supplying currents will produce weak intensity fluctuations
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of B, on top of a relatively large mean value. The mean value determines the time scale
of the atomic evolution, which is therefore much faster than the time scale on which
fluctuations occur (satisfying the second assumption).
Characterizing the intensity fluctuations with the probability distribution p(ω), the
collective dephasing dynamics is described by
ρ(t) =
∫
p(ω)e−iωtn·σ/2 ⊗ · · · ⊗ e−iωtn·σ/2ρ(0)eiωtn·σ/2 ⊗ · · · ⊗ eiωtn·σ/2dω. (18)
In [15], the above integral was solved analytically without further assumptions, and in
the following we will recall the resulting solution and some of its properties.
3.2. General properties
The transient time evolution of a quantum state under collective dephasing (18) is
determined by the characteristic function
ϕ(t) =
∫
dωp(ω)eiωt (19)
of the probability distribution p(ω). Introducing the matrix elements
Mij(t) = ϕ [(i− j)t] (20)
and the Hermitian operators
Θj =
1
j!(N − j)!
∑
s∈ΣN
Vs
[
Λ⊗j− ⊗ Λ⊗N−j+
]
V †s , (21)
where Λ± = 12(I2 ± n · σ), and Vs =
∑
i1...iN
|is(1) . . . is(N)〉〈i1 . . . iN | represents the
permutation s in the Hilbert space of N qubits, we can express the collective dephasing
dynamics with the following map [15]:
nt,0 : ρ(0)→ ρ(t) =
N∑
i,j=0
Mij(t)Θiρ(0)Θj. (22)
The matrix of elements Mij is positive semi-definite, and can be diagonalized to obtain the
canonical Kraus form of the above map [15]. One can further show [15] that the map (22)
is always completely positive and trace preserving [11, 24]. The obtained dynamics
therefore exhibits the properties of dynamical maps associated with the dynamics of
open quantum systems, indicating the equivalence of ensemble average approaches with
open-system treatments based on a microscopic model for the environment and its
coupling to the system [9, 13].
In the context of the present article, we are only interested in the asymptotic limit,
which is described, independently of p(ω) (assuming that p(ω) is absolutely integrable),
by [15]
n : ρ(0)→ ρs = lim
t→∞
ρ(t) =
N∑
j=0
Θjρ(0)Θj. (23)
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In performing this limit, we assume that the time evolution of the atomic ensemble is
recorded for an interval long enough that the atomic evolution has reached its stationary
state, but not too long to compromise with the assumption that the field strength can
be considered constant during the evolution.
3.3. Integral of motion
In [15] the map (22) was shown to conserve the trace of the β matrix for bipartite
systems, as defined in (5). This integral of motion can, in fact, be understood as the
manifestation of the more general conservation of angular momentum in the special case
of N = 2. To see this, recall that the total spin S commutes with the Hamiltonian
for every choice of the magnetic field B, hence the expectation value of S2 = S · S is
conserved, even in the presence of the ensemble average over the fluctuations of the
magnetic field.
We express the squared total spin as
S2 =
~2
4
N∑
i=1
σ(i) · σ(i) + ~
2
2
N∑
i,j=1
i>j
σ(i) · σ(j), (24)
with σ(i) ·σ(j) = ∑3k=1 σ(i)k σ(j)k , and the index k labels the spatial directions. We generalize
the definition of the β matrix to
βab(t) = tr
{
ρ(t) ·
N∑
i>j=1
σ(i)a ⊗ σ(j)b
}
. (25)
Note that this definition reduces to the bipartite β matrix, as introduced in (5), in the
special case of N = 2. The total angular momentum is expressed via the quantum
mechanical expectation value, using Eqs. (24) and (25),
〈S2〉 = tr{ρ(t)S2} = 3~
2
4
N +
~2
2
tr β(t), (26)
and from the time-independence of 〈S2〉, we obtain the conservation of the trace of the
generalized β matrix:
d
dt
tr β(t) = 0. (27)
3.4. Asymptotic collective dephasing of two qubits
Let us discuss the description of the collective dephasing of an initial two-qubit state ρ
into the stationary state ρs, using the map (23) for N = 2:
ρs = 
n[ρ] =
2∑
i=0
ΘiρΘi. (28)
Based on (21), the Kraus operators Θi can be explicitly given as [6]
Θ0 = Λ+ ⊗ Λ+ = 1
4
(I2 ⊗ I2 + I2 ⊗ n · σ + n · σ ⊗ I2 + n · σ ⊗ n · σ) ,(29)
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Θ1 = Λ+ ⊗ Λ− + Λ− ⊗ Λ+ = 1
2
(I2 ⊗ I2 − n · σ ⊗ n · σ) , (30)
Θ2 = Λ− ⊗ Λ− = 1
4
(I2 ⊗ I2 − I2 ⊗ n · σ − n · σ ⊗ I2 + n · σ ⊗ n · σ) .(31)
To efficiently describe the impact of the collective dephasing on an arbitrary initial
state ρ
.
= (rA, rB, β), we now derive a description of its map on the level of the reduced
Bloch vectors rA and rB, together with the β matrix. We first express the β-matrix of
the initial state in terms of a diagonal, singular value decomposition [recall (8)], as
β =
3∑
i=1
divi ⊗wi, (32)
where vi and wi are normalized vectors, di are non-negative real numbers, and the tensor
product is defined element-wise as (a⊗ b)kl = akbl.
By direct application of the operators Θi and of the properties of the scalar product,
(28) leads to [6]
n(I2 ⊗ I2) = I2 ⊗ I2, (33)
n(I2 ⊗ r · σ) = I2 ⊗ (r · n)n · σ, (34)
n(r · σ ⊗ I2) = (r · n)n · σ ⊗ I2, (35)
n(v · σ ⊗w · σ) = 1
2
{2(n · v)n · σ ⊗ (n ·w)n · σ + (v × n) · σ ⊗ (w × n) · σ
+ [v − (v · n)n] · σ ⊗ [w − (w · n)n] · σ}. (36)
We can thus formulate transformation rules for vectors, and tensor products thereof, to
express how they are altered by the collective dephasing, as a function of the direction
n of the fluctuating, external field:
r
n−→ (r · n)n (37)
v ⊗w n−→ 1
2
{2(n · v)n⊗ (n ·w)n+ (v × n)⊗ (w × n)
+ [v − (v · n)n]⊗ [w − (w · n)n]}. (38)
The local vectors that determine the decomposition on the right-hand-side of (38) form
an orthogonal basis consisting (in the first subsystem) of the direction n of the magnetic
field, the vector orthogonal to the plane spanned by n and v, and the vector orthogonal
to these; the same holds for the second subsystem when v is replaced by w. The decisive
parameters are the angles cos θv = n · v/‖v‖ and cos θw = n ·w/‖w‖.
Notice that if either one of v and w is parallel or orthogonal to n, some of the
terms in (38) disappear. For now, we assume that 0 < | cos θv| < 1 and 0 < | cos θw| < 1.
In this case, we can introduce two orthonormal bases of R3 as
{ s1, s2, s3} = {v − (v · n)n
sin θv
,n,
(v × n)
sin θv
}, (39)
{t1, t2, t3} = {w − (w · n)n
sin θw
,n,
(w × n)
sin θw
}, (40)
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allowing us to re-express (38) as
v ⊗w n−→
3∑
i=1
αi
2
si ⊗ ti, (41)
with the coefficients
{α1, α2, α3} = {sin θv sin θw, 2 cos θv cos θw, sin θv sin θw}. (42)
4. Generating correlations by collective dephasing
In this section we investigate to what extent the collective dephasing map (23) can
generate or increase the correlations between the subsystems. The present section extends
the analysis of few special cases provided in the theoretical treatment of the experiment
reported in [6] to a complete picture.
We know the map is separable, hence it cannot create entanglement; however, it
contains stochasticity, and therefore can create classical correlations between subsystems,
thereby increasing the correlation rank L of the initial state. For this reason, we focus
on the analysis of the correlations in the asymptotic state, based on the correlation rank.
As discussed in section 2.1, a correlation rank of L > dmin can be interpreted as a witness
for non-zero discord. Furthermore, we can exclude that the thereby detected discordant
states can be generated by applying a local operation to a zero-discord state [17]. For
two-level systems we have d1 = d2 = 2, and, thus, the maximal correlation rank for
zero-discord states is L = dmin = 2. States with L = 3 or L = 4 are considered strongly
correlated, since their correlations are beyond the reach of any zero-discord states, and
neither can be attained by states whose discord was generated by a local operation.
4.1. Initially uncorrelated states
We begin by considering an initially completely uncorrelated state, i.e., a product state
ρ0 = ρA ⊗ ρB. In the Fano form (5) this reads
ρ0 =
1
2
(I2 + rA · σ)⊗ 1
2
(I2 + rB · σ) .= (rA, rB, rA ⊗ rB). (43)
This means that the initial β matrix is β0 = rA ⊗ rB and the initial rank (7) is L0 = 1,
which is consistent with the state having no correlations [6].
Application of the collective dephasing map, assuming that n does not coincide with
the direction of the Bloch vectors rA and rB of the respective reduced systems, yields
ρ1 = 
n(ρ0)
.
=
(
(rA · n)n, (rB · n)n,
3∑
i=1
di
2
vi ⊗wi
)
, (44)
with the set of orthonormal vectors (40)
{v1,v2,v3} = {rA − (rA · n)n
rA sin θA
,n,
rA × n
rA sin θA
}, (45)
{w1,w2,w3} = {rB − (rB · n)n
rB sin θB
,n,
rB × n
rB sin θB
}, (46)
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and coefficients (42)
di ∈ {rArB sin θA sin θB, 2rArB cos θA cos θB, rArB sin θA sin θB} . (47)
The set of accessible final states is described by four real parameters, namely the norms
rA,B = ‖rA,B‖ of the reduced Bloch vectors and their angles θA,B with the magnetic field
direction. Within the set of density matrices, which is a fifteen-dimensional real space,
this represents a measure-zero set, therefore we cannot synthesize arbitrary states by
adjusting the parameters of the collective dephasing map or of the initial state. In the
following, however, we specify conditions that lead to a given value of the correlation
rank L after collective dephasing.
As discussed before, the vectors {v1,v2,v3}, defined in (45), span an orthonormal
basis of R3. Following Sec. 2.2, we can apply a local unitary operator UB (associated with
a rotation matrix OB, such that OBwi = vi) which does not change the properties of
interest. We apply this rotation only to the second subsystem, as described by the unitary
operator U = IA ⊗ UB. This transforms the correlation matrix β1 of the asymptotic
state (44) to the matrix β′1 ∼ β1, where β′1, expressed in the basis {v1,v2,v3}, reads
β′1 =
rArB
2
 sin θA sin θB 0 00 2 cos θA cos θB 0
0 0 sin θA sin θB
 . (48)
When expressed in the same basis, the Bloch vectors after dephasing are given by
rA,B
n−→ (rA,B · n)n = (0, rA,B cos θA,B, 0)T . (49)
The final correlation rank reads, using (7),
L1 = 1 + rk (β
′
1 − rA cos θAn⊗ rB cos θBn) (50)
= 1 + rk
 sin θA sin θB 0 00 0 0
0 0 sin θA sin θB
 . (51)
The correlation rank of the final state can only have two values, determined by the
relative orientations of the reduced Bloch vectors and the direction of the magnetic field
[6]:
• L1 = 1, if the magnetic field is parallel to one of the reduced Bloch vectors: rA,B ‖ n;
• L1 = 3, if the magnetic field has a different direction than both reduced Bloch
vectors: rA,B ∦ n.
The physical interpretation is immediate if we realise that, when the Bloch vector
of a subsystem coincides with the magnetic field direction, that subsystem is in an
eigenstate of the local Hamiltonian ~ωn · σ/2, and is consequently invariant under the
action of the map. In this case, this atom can be treated separately, and the collective
dephasing acts only on the remaining atoms, whose Bloch vector differs from n. Let
us suppose that n = rA/rA: the atom described by HA is no longer affected by the
collective dephasing process and the final state can be written as
ρ1 = 
n (ρA ⊗ ρB) = ρA ⊗ n (ρB) , (52)
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which is an uncorrelated product state with correlation rank L = 1. As is best seen
from the integral representation (18), this observation is easily generalized for systems of
N > 2 atoms. In general, for product states involving arbitrary local states ρ(i) of qubits
i that satisfy
[n · σ(i), ρ(i)] = 0, (53)
the dephasing operation factorizes:
n(ρ⊗ ρ(i)) = n(ρ)⊗ ρ(i), (54)
where ρ is an arbitrary quantum state of the remaining qubits. The states that satisfy the
factorisation condition (53) encompass all incoherent mixtures of eigenstates of n · σ(i)
and the identity operator.
In short, application of (23) to an uncorrelated state produces a state with high
correlation rank, as long as rA,B ∦ n, but cannot reach the maximal value of L = 4.
Yet, is it possible to transform the resulting L = 3 state into an L = 4 state by a
consecutive, second application of the collective dephasing map? Since we consider
collective dephasing to the asymptotic state, the second application would not have any
effect unless we change the direction of the external field. This can be shown as follows:
the application of the collective dephasing map along the direction m 6= n ≡ e2 yields a
state with a β matrix
β2 ∼ cos θA cos θBm(e2 ⊗ e2) + sin θA sin θB
2
[m(e1 ⊗ e1) + m(e3 ⊗ e3)].
If we define q = cot θA cot θB, the correlation rank of the state is given by L2 = 1 + rkM ,
where
M =
β2
sin θA sin θB
− q(e2 ·m)2m⊗m (55)
= q[m(e2 ⊗ e2)− (e2 ·m)2m⊗m)] + m(e1 ⊗ e1) + m(e3 ⊗ e3)(56)
where sin θA sin θB is non-zero if rA,B ∦ n. We can now observe that, when m = e2, the
term proportional to q vanishes and M = e1⊗e1 +e3⊗e3, yielding L2 = 3; alternatively,
we can solve the equation m(e1⊗e1) + m(e3⊗e3) = 0 with the constraint ‖m‖ = 1 to
obtain M = (q/2)[(e2 − (e2 ·m)m)⊗ (e2 − (e2 ·m)m) + (e2 ×m)⊗ (e2 ×m)], which
yields again L2 = 3. Finally, one can show that the matrix M is not of full rank, e.g. by
solving detM = 0 as a function of m given the parameter q. In any case, using linear
algebra or by direct computation, one can verify that there exists at most a measure-zero
set of directions, other than the one of the first dephasing process, along which the
correlation rank will not increase. Therefore, an L = 1 state can be converted into an
L = 4 state by a twofold application of the collective dephasing map, if the direction of
the magnetic field is different for the second dephasing.
4.2. Initial states of correlation rank L = 2
After studying the influence of the collective dephasing on an initially uncorrelated state
L0 = 1, we now turn to the discussion of an initial state with low correlation rank
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L0 = 2. This state is considered weakly correlated since it contains correlations that are
compatible with either a state of zero discord, or a non-zero discord state that can be
created from a state of zero discord with a local operation—recall the discussion at the
end of section 2.1. We consider states with maximally mixed reduced subsystems, i.e.,
systems with vanishing reduced Bloch vectors, which can be written as ρ0
.
= (0, 0, β0).
Since these states are diagonal in the basis of Bell states, they are also called Bell-diagonal
states. In the Fano form (5) they are written as [25]
ρ0 =
1
4
(I4 + d v · σ ⊗w · σ) , (57)
where d 6= 0 and the initial β matrix was expressed in terms of its singular value
decomposition (32), as β0 = dv ⊗ w. Positivity of the state ρ0 requires that |d| ≤ 1.
States of this form have always zero discord [6], as can be easily seen based on the
cummutativity of the local operators [22], as discussed in Sec. 2.1.
Application of the collective dephasing map (38) produces another Bell-diagonal
state, ρ1
.
= (0, 0, β1), where the correlation matrix β1 can be written (analogously to the
case discussed before (48), and possibly after suitable, local orthogonal transformations
that do not alter the correlation properties) as
β1 ∼ d
2
 sin θv sin θw 0 00 2 cos θv cos θw 0
0 0 sin θv sin θw
 . (58)
In order to find the correlation rank of the final state, by virtue of (7), we need
to determine L1 = 1 + rk (β1). Except for the trivial case d = 0, we notice that also in
this case the rank depends on the geometric features of the state, namely on the angle
between the magnetic field direction and the left- and right-singular vectors of β0: the
state has correlation rank [6]
• L1 = 1 if either (v ‖ n and w ⊥ n), or (w ‖ n and v ⊥ n);
• L1 = 2 if v ‖ n or w ‖ n (but neither v ⊥ n nor w ⊥ n);
• L1 = 3 if v ⊥ n or w ⊥ n (but neither v ‖ n nor w ‖ n);
• L1 = 4 otherwise.
A weakly correlated (L0 = 2) Bell-diagonal state can therefore be transformed into a state
with maximal correlation rank (L = 4), provided that the magnetic field direction does
not coincide with some very specific choices, determined by the geometric characterisation
of the initial state.
4.3. Applications
Generation of Werner states.—An important class of states for many applications
of quantum information theory is given by the family of Werner states,
ρW = s |Ψ−〉 〈Ψ−|+ (1− s)I4
4
, (59)
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with the singlet state |Ψ−〉 = (|0〉 |1〉 − |1〉 |0〉)/√2, and −1
3
< s ≤ 1 [18]. Written in the
Fano form (5), this state has β = −diag(s, s, s).
Collective dephasing can generate such a state from an L = 2 Bell-diagonal state of
the form (57) when we choose the values for d, θv and θw that solve the following system
of equations: {
sin θv sin θw = 2k
cos θv cos θw = k
, (60)
where k = −s/d and d 6= 0. Summation of the two equations yields
cos θv cos θw + sin θv sin θw = cos(θv − θw) = 3k, (61)
which proves that the system of equations (60) admits solutions in the variables {θv, θw}
only if |k| ≤ 1/3. In particular, when k = 1/3, the solutions lie on the lines θw = θv (see
figure 1, left). The solutions are then found as:
θv = θw = ± arcsin
(√
2/3
)
≈ ±0.955, (62)
or
θv = θw = pi ± arcsin
(√
2/3
)
. (63)
We remark here that we have to simultaneously respect the conditions |k| ≤ 1/3
and |d| ≤ 1 (for positivity of the state), which leads to the observation that, based on
the present approach, it is impossible to generate Werner states with s > 1/3. In fact,
the Werner states are separable precisely when s ≤ 1/3 and entangled when s > 1/3.
This is consistent with the fact that the initial state was separable and that the map
cannot create entanglement.
The same procedure can be followed to produce Werner-like states
ρα = s |α〉 〈α|+ (1− s)I4
4
, (64)
where |α〉 is one of the other Bell states:
|Ψ+〉 = 1√
2
(|0〉 |1〉+ |1〉 |0〉)
|Φ+〉 = 1√
2
(|0〉 |0〉+ |1〉 |1〉)
|Φ−〉 = 1√
2
(|0〉 |0〉 − |1〉 |1〉) .
(65)
These states have β matrices with the eigenvalues [25]:
|Ψ+〉 〈Ψ+| .= (0, 0, diag(s, s,−s)),
|Φ+〉 〈Φ+| .= (0, 0, diag(s,−s, s)),
|Φ−〉 〈Φ−| .= (0, 0, diag(−s, s, s)).
(66)
The values of θv and θw that yield those states are found by solving the system{
sin θv sin θw = 2k
cos θv cos θw = −k
. (67)
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Figure 1: Pairs of angles that solve the system (60) for the Werner state (59) (left), and
the system (67) for the Werner-like state (64) (right), in the case k = 1/3. The blue
(darker) circles are the contour lines of sin θv sin θw = 2/3 [first equation in (60) and
(67)], the orange (lighter) ones, those of cos θv cos θw = ±1/3 (second equation). The
solutions of the two systems (60) and (67) are then the intersections of the curves.
In fact, we will show in the next section that the β matrix of the asymptotic state
always has one non-degenerate eigenvalue, with the associated eigenspace spanned by
n, and one doubly degenerate eigenvalue, with the plane orthogonal to n as eigenspace.
Thus, the three Werner-like states are distinguished by the choice of the direction n of
the magnetic field. In all previous expressions we had arbitrarily chosen to identify n
with the y-direction, n = e2, thus the non-degenerate eigenvalue always appeared as
second diagonal element, corresponding to |Φ+〉. In general, we identify
|Φ−〉 n ≡ e1
|Φ+〉 ⇐⇒ n ≡ e2
|Ψ+〉 n ≡ e3.
(68)
In order to generate these Werner-like states we then solve the system of equations (67)
to find the relative angles between n, v and w, and rotate the basis accordingly, to
obtain the target state. In order to solve (67), the same conditions on k hold, but the
solutions for k = 1/3 now lie on the lines θw = pi − θv (see figure 1, right), with θv as
before: θv = ± arcsin
(√
2/3
)
or θv = pi ± arcsin
(√
2/3
)
. For the cases with k 6= 1/3
there will be twice as many solutions, which can be easily found numerically.
For the genuine (singlet-based) Werner state it does not matter how we choose to
order the eigenvalues of the β matrix (by appropriate choice of the coordinate system
relative to the magnetic field orientation), since they are all negative. This expresses
these states’ invariance under arbitrary collective unitary rotations of the form U ⊗ U ,
which effectively rotate the coordinate system. In general, the set of U⊗· · ·⊗U -invariant
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states can be identified as a completely time-invariant set of states under the collective,
multipartite dephasing operation, for arbitrary directions of the magnetic field [15].
Generating resource states for entanglement distribution.—Separable
states can find applications in quantum information protocols such as entanglement
distribution [27, 28, 29]; for experimental realisations based on separable states see
[30, 31, 32]. This protocol allows to increase the entanglement between two parties by
exchanging a carrier particle, which is not necessarily entangled with the two parties. It
is, however, necessary that the combined state contains non-zero discord between the
two parties and the carrier. In fact it was recently further shown that discord alone is
not sufficient, and that discordant mixtures of two pure product states are not able to
distribute entanglement [33]. By producing states with L > 2, we can ensure that these
cannot be written as mixtures of two product states.
Let us consider the following example of an initial two-qubit state [29]
ρAB = p |ψs〉 〈ψs|+ 1− p
4
I4, (69)
with |ψs〉 =
√
s |0〉 |0〉+√1− s |1〉 |1〉. When s = 1/2, these are the Werner-like states,
(64), generated by |Φ+〉; in particular, the protocol can be realised with an initially
separable state, which further imposes p ≤ 1/3. As explained in the previous paragraph,
these states can be generated from a weakly correlated (L = 2) state by action of the
collective dephasing map. States with other values of s are not accessible as the map only
produces states with a β matrix that contains a doubly-degenerate eigenvalue. In the
three-partite scenario considered here, the Werner-like state above can be generated on
systems AB if the initial state contains no correlations with system C, which is prepared
in a maximally mixed state ρC = I2/2. By virtue of (54) the qubit C is invariant
under the collective dephasing dynamics. The state ρAB ⊗ ρC can thus be generated by
collective dephasing of a weakly correlated L = 2 state of zero discord for the choice of
parameters s = 1/2 and, e.g., p = 1/3. For these parameters the same state was shown
to be useful for entanglement distribution [29].
Entanglement activation from uncorrelated states through collective
dephasing.—A three-partite scenario is also considered for the entanglement activation
protocol [34, 35], where initial discord between systems A and B is converted into
entanglement across the partition AB|M , where M is an initially independent ancilla
system that interacts via a local unitary operation with system B. Formally, this can be
interpreted as a local measurement process of the system B, where M is a measurement
apparatus. Thereby, the entanglement of the combined quantum state describing the
apparatus and the system before readout (state reduction) of the apparatus is then
directly linked to the discord of the initial bipartite state of A and B [34].
An all-optical experimental realisation of this protocol confirmed this general
theoretical result by modelling all three subsystems A, B and M , as polarization
qubits [36]. Based on the collective dephasing process, we can now extend this protocol
such that also initial zero-discord states or even completely uncorrelated states can be
used to generate entanglement. To this end, we subject an initial three-qubit state of
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the form
ρ0 = ρAB ⊗ |1〉〈1|M (70)
to a three-partite collective dephasing process in direction n, where we choose |1〉 as
an eigenstate of the operator n · σ, and ρAB may be an arbitrary state of qubits A and
B. While in the previous section we have made use of the local invariance under the
dephasing process, see (54), for the trivial case of the identity operator, here we prepare
the third qubit in an eigenstate of the local Hamiltonian to achieve the same effect.
Application of the collective dephasing map to the state (70) yields
n(ρ0) = 
n(ρAB)⊗ |1〉〈1|M . (71)
By following the conditions provided in sections 4.1 and 4.2, initial product states of
Bell-diagonal zero discord states ρAB can be easily converted into strongly correlated,
non-zero discord states n(ρAB). Based on the entanglement activation protocol, any
local unitary operation on BM necessarily must generate distillable entanglement across
the AB|M partition, and the amount of generated entanglement is lower bounded by
the discord of the state n(ρAB) [34, 35]. In the present section we only considered the
asymptotic mapping of the collective dephasing map (23) after long times, but the results
hold also for intermediate times t, as described by the map (22).
In a recent experiment [37], local noise processes were used to generate discordant
states (see also [6]), whose discord was subsequently activated into entanglement.
Local quantum interferometry.—To end this section, we briefly comment on
the use of correlated separable states in the context of local precision measurements
[38]. The field of quantum metrology is dedicated to developing methods that allow to
estimate unknown parameters with the highest possible precision, often by exploiting the
usage of entangled states [39, 40, 41]. Consider a setup, in which two incoming particles
are sent into two different arms of an interferometer before being jointly measured. The
parameter to be estimated is a local phase shift ϕ, imprinted on one of the particles
by an unknown Hamiltonian H(i) (with fixed, non-degenerate spectrum) through the
unitary operation U
(i)
ϕ = e−iϕH
(i)
. In a worst-case scenario, the local Hamiltonian may
commute with the quantum state, which therefore renders any estimation of the phase
shift impossible. This, however, is only possible if the quantum state has zero discord.
In general, the worst-case estimation precision of ϕ is quantified by a particular measure
of discord [38].
Consequently, the successful estimation of the phase in the above scenario requires
the presence of non-zero discord between the two particles. Using the results provided in
sections 4.1 and 4.2, the required discord can be easily generated by submitting the two
parties to a collective dephasing process before sending them into the interferometer.
4.4. Summary
In the present section, we have discussed the behaviour of the correlation rank under the
action of the collective dephasing dynamics. We have seen in section 4.1 that completely
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uncorrelated initial states (L = 1) can be transformed into states with L = 3 by a single
application of collective dephasing, or into states of L = 4 by a double application,
provided that the magnetic field direction is changed before the second dephasing. Weakly
correlated states with L = 2 are transformed into states with the maximum correlation
rank L = 4 for most choices of the magnetic field direction, as discussed in section 4.2.
Since any value of L ≥ 3 implies the presence of nonzero discord, the strongly correlated
states that can be conveniently generated by the collective dephasing process allow for
direct applications in a series of tasks from quantum information theory, as shown in
section 4.3.
5. Protecting correlations under collective dephasing
5.1. Initial states of arbitrary correlation rank
In the previous section we saw how the collective nature of the ensemble averaged
dephasing process, induced by a spatially homogeneous, fluctuating external field, can
be used to generate strongly correlated quantum states, which have direct applications
for specific tasks in quantum information processing.
We now extend the discussion from the initially weakly correlated states to initial
states with an arbitrary correlation rank L0 ≤ 4. We thus shift our focus from the
generation of strongly correlated quantum states, to the robustness of the correlations
under the action of collective dephasing. The objective, then, is to control the magnetic
field orientation, such that the preservation of these correlations under the collective
dephasing is ensured.
As in the previous section, we assume Bell-diagonal states (thus vanishing reduced
Bloch vectors rA,B). The matrices β and β − rA⊗ rB have the same rank unless rArB is
a singular value of β with left- and right-singular vectors rA/rA and rB/rB, respectively,
and only in these cases can the correlation rank be reduced by non-zero reduced Bloch
vectors [recall (7)]. The effect of the collective dephasing map on arbitrary initial states
is easily investigated based on (28).
Furthermore, before application of the map (38), we employ unitary transformations
to bring the β matrix of the initial state into diagonal form β0 = diag (d1, d2, d3). Its
three eigenvalues then parametrize [25] the Fano form (5) of the initial state:
ρ0 =
1
4
(
I4 +
3∑
i=1
diei · σ ⊗ ei · σ
)
, (72)
where {ei}i is the standard basis in R3. This transformation neither affects the correlation
rank of the initial state, as discussed earlier, nor that of the final state, unless we start
from a rank-2 state of the form (57) and we apply a magnetic field in the direction v or
w, as dealt with in Sec. 4.2. In all other cases, there is at least one rank-1 matrix of the
form vi ⊗wi in (32) that is transformed, according to (38), into a rank-3 matrix by the
collective dephasing map.
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Application of the collective dephasing map (38) yields
β0
n−→ β1 =
3∑
i=1
di
2
{(1− n2i ) [ai ⊗ ai + bi ⊗ bi] + 2n2in⊗ n}, (73)
with the normalized vectors
ai =
ei − nin√
1− n2i
, bi =
ei × n√
1− n2i
. (74)
Notice that all the ai’s and bi’s belong to the plane orthogonal to n and are mutually
orthogonal: ai · bi = 0,∀i. This means that we may write all orthonormal bases {ai, bi},
with i = 1 . . . 3, as a rotation about n of, e.g., {a1, b1} by an angle ϕi (in this case
ϕ1 = 0):
ai = cosϕi a1 + sinϕi b1 (75)
bi = − sinϕi a1 + cosϕi b1. (76)
By direct substitution we obtain
ai ⊗ ai + bi ⊗ bi =
[
cos2 ϕi + sin
2 ϕi
]
(a1 ⊗ a1 + b1 ⊗ b1), (77)
which shows that ai ⊗ ai + bi ⊗ bi = a1 ⊗ a1 + b1 ⊗ b1,∀i. The β matrix of the final
state, given by (73), can thus be rewritten as
β1 =
3∑
i=1
di
2
{(1− n2i ) [a1 ⊗ a1 + b1 ⊗ b1] + 2n2in⊗ n}. (78)
Because {a1,n, b1} is an orthonormal basis of R3, the above expression is a spectral
decomposition of β1 where two eigenvalues appear, one of which is two-fold degenerate:
λ1(n) =
3∑
i=1
din
2
i , (79)
λ2(n) =
1
2
3∑
i=1
di(1− n2i ). (80)
From these expressions the invariance of the eigenvalues under cyclic permutation of the
indices is evident. The β matrix of the state after application of the map is given by
β1 = λ1(n)n⊗ n+ λ2(n) [a1 ⊗ a1 + b1 ⊗ b1] , (81)
where we could have equivalently chosen {a2, b2} and {a3, b3}, instead of {a1, b1} (we
have used above their equivalence under rotation of the basis about n, which is orthogonal
to all of them).
To summarize, we find
β0 = diag (d1, d2, d3)
n−→ β1 ∼ diag (λ2(n), λ1(n), λ2(n)) . (82)
From the above explicit expressions for the eigenvalues we can immediately verify that
the trace of the β matrix is preserved under the application of the map [recall the general
result, (27)]:
tr β1 =
3∑
i=1
din
2
i + 2×
1
2
3∑
i=1
di
(
1− n2i
)
=
3∑
i=1
di = tr β0. (83)
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5.2. Geometric description
Bell-diagonal states of two qubits allow for a simple geometric description of their
correlations properties [25], which we will employ in the following. Recall that Bell-
diagonal states are unambiguously characterized by their β matrix (72). Since there exists
a unique unitary operator that diagonalizes this matrix without changing the state’s
correlation properties, we can parametrize the correlation properties of Bell-diagonal
states by the three real eigenvalues of β. It follows that this unitary operator defines
an isomorphism that maps each Bell-diagonal state to a point d = (d1, d2, d3) ∈ R3.
Positivity implies that the space of density matrices is isomorphic to a tetrahedron T
whose vertices represent the four Bell states [25]:
|Ψ−〉 〈Ψ−| ∼ B0 = (−1,−1,−1)
|Φ−〉 〈Φ−| ∼ B1 = (−1, 1, 1)
|Φ+〉 〈Φ+| ∼ B2 = (1,−1, 1)
|Ψ+〉 〈Ψ+| ∼ B3 = (1, 1,−1).
(84)
In this tetrahedron we distinguish two regions: a central octahedron O with vertices
±ei, i = 1 . . . 3, which contains the separable states, and the four remaining corners,
containing the entangled states. Because each corner has one of the Bell states as its
vertex, we call the other entangled states in that corner “Bell-like”. We notice that
all B0-like entangled states have negative coordinates, while the Bi-like states, with
i = 1 . . . 3, have only the i-th coordinate negative, like Bi itself.
In figure 2 we show how the classes of states we are interested in are represented
in the tetrahedron T . The origin is the maximally mixed state ρm = I4/4, and the
rotation axes of the octahedron correspond to the rank-2 states. The rank-3 states lie
on the squares obtained by intersecting the octahedron with the planes orthogonal to
its rotation axes. Both these sets of states (rank-2 and 3) have measure zero inside the
tetrahedron. Moreover, as discussed in Sec. 2, all entangled states have rank 4, but the
converse is not true.
5.3. Geometric action of the map
We now turn to describing the action of the map (38) in this geometrical framework. In
particular, the subset of states that is accessible by the map is defined by the conservation
of the trace of the β matrix (Sec. 3.3) and the double degeneracy in the coordinates of
the asymptotic state (Sec. 5.1).
In the following we adopt Greek letters to indicate cyclic indices, i.e., {ν−1, ν, ν+1}
denotes an even permutation of {1, 2, 3}. Whenever we apply the map (38) we transform
to the reference frame where the direction of the magnetic field is the unit vector eν of
the standard basis. This allows for the most general description, which is independent of
the choice of reference frame. Consequently, the set of points with two equal coordinates
is a plane defined as
Πν = {(d1, d2, d3) ∈ T : dν−1 = dν+1}, (85)
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Figure 2: Points of interest inside the tetrahedron of Bell-diagonal states: the red lines
represent the rank-2 states (points with one non-zero coordinate), the planes represent
the rank-3 states (points with one vanishing coordinate) and the green lines represent
the rank-3 states that are reachable via the map (28) (points with one vanishing and
two equal coordinates).
while the conservation of tr β defines another plane
Γk = {(d1, d2, d3) ∈ T : d1 + d2 + d3 = k}, (86)
where, inside the tetrahedron, −3 ≤ k ≤ 1. Because the trace of the β matrix is
conserved at all times, the trajectory of each point lies on the Γk plane defined by the
initial coordinates. However, since the final state must belong to Πν , every state will
asymptotically move to the intersection line defined by Γk ∩ Πν , whose existence is
guaranteed by the fact that Πν ⊥ Γk,∀k, ν (figure 3a).
The position of the final state on the line defined by Γk ∩ Πν is determined by the
magnetic field direction. Let us use again λ1(n) and λ2(n) = (k − λ1(n))/2 as the
coordinates of the final states. We obtain
β1 ∼ λ1(n)eν + k − λ1(n)
2
(eν−1 + eν+1). (87)
Since k is fixed by the initial state, the coordinates depend only on n.
We remark here that, when the initial state is B0-like, the intersection lines never
cross the octahedron of separable states, because the planes Γk are parallel to the
octahedron face opposite to B0 (figure 3a). We deduce that the states in the B0 corner
move entirely in that corner. On the other hand, the entangled states in the other corners
move inside their respective corner, but may also enter the octahedron. This entails
significant implications for the entanglement preservation of the initial states from the
different corners, and ultimately enables the effect of time-invariant entanglement for
B0-like states, as we will discuss in further detail later in this manuscript.
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(a) The plane Π2, (85), identifies states
whose β matrix has two equal eigenvalues
(dark blue), and the family of parallel
planes Γk, (86), identifies constant values
of trβ (lighter shades).
(b) “Iso-concurrence” planes in the tetra-
hedron of Bell-diagonal states.
Figure 3: Geometric interpretation of the action of the collective dephasing map (28) on
the Bell-diagonal states (72) contained in the tetrahedron. The octahedron, inscribed
into the tetrahedron, represents the separable states.
5.4. Loss of coherence
In the geometric representation of Bell-diagonal states, planes of equal purity are
characterized by constant values of
P(d) = 1
4
(1 + d21 + d
2
2 + d
2
3), (88)
which correspond to concentric spheres around the tetrahedron’s center, the maximally
mixed state.
From the Kraus representation (22) of the collective dephasing map nt,0, it follows
immediately that the purity of the final state is upper bounded, for all t ≥ 0, by the
initial state’s purity:
tr{ρ(t)ρ(t)} ≤ tr{ρ(0)ρ(0)}. (89)
In most cases, however, the collective dephasing tends to push states towards the center of
the tetrahedron. The preservation of the initial purity can be achieved for time-invariant
states. Whether there exist states outside of invariant subspaces for which the purity
is preserved is unclear, but seems unlikely since the entire dynamics must lie on the
circumference generated by the intersection of the sphere defined by P = const and the
plane Γk.
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5.5. Impact on the correlation rank and discord
We now focus on the correlation rank of the final states, which directly translates into
the number of non-vanishing coordinates of a point in the tetrahedron.
The states in the B0 corner never exhibit a vanishing coordinate, as displayed in
figure 2. Moreover, as discussed in the previous section, the states in this corner never
enter the octahedron, hence they never intersect the subsets of rank-2 and rank-3 states.
We conclude that the correlation rank in the states in the B0 corner is robust and always
maximal, which also implies that these states are always discordant, and cannot be
created using local operations on classical states.
For the remaining states, i.e., those in the octahedron and in the other three corners,
there is at most one intersection between the reachable rank-2 or rank-3 states, and the
accessible final states defined by the line Πν ∩ Γk, where −1 ≤ k ≤ 1 for those states.
The magnetic field direction that yields such a state is found by solving either λ1(n) = 0
or λ2(n) = 0 under the normalisation constraint ‖n‖ = 1. Using the Kronecker-Capelli
theorem [42] it is possible to show that there exists at most a 1-parameter family of
directions that solve such equations. We conclude that, after the action of the collective
dephasing map (38), the state has almost always a correlation rank equal to 4. This
includes both scenarios where a state was already initially discordant and this property is
preserved throughout the dephasing dynamics, as well as when the discord is generated
by the action of the collective dephasing map, recall also the experiment reported in [6].
5.6. Protection of initial two-qubit entanglement
Let ρ be a Bell-diagonal state of two qubits and p0 . . . p3 its eigenvalues in the basis of
Bell states. If pmax = max(p0 . . . p3), then the concurrence of ρ can be written as [43]
C(ρ) = max(0, 2pmax − 1). (90)
Inside the tetrahedron T , where states are described by vectors d ∈ R3, the concurrence
has an isotropic form,
C(d) = 1
2
max(0,
∑
i
|di| − 1), (91)
which can be interpreted as the distance to the faces of the octahedron of separable
states, parametrized by the equation
∑
i |di| = 1. Following the state space from these
faces to either one of the corners of the tetrahedron, the concurrence increases from zero
to one.
Let us remind here that the collective dephasing map, being separable, cannot
create entanglement. In our geometrical framework, this means that points initially
in the octahedron O are mapped onto Πν ∩ O. Suppose that an initial state is inside
the octahedron, i.e., it has vanishing concurrence (91):
∑3
i=1 |di| ≤ 1. The concurrence
(91) in the final state, where the coordinates are λ1(2)(n) from (79) and (80), is then
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|λ1(n)|+ 2|λ2(n)| and we have the following chain of inequalities:∣∣∣∣∣
3∑
i=1
din
2
i
∣∣∣∣∣+
∣∣∣∣∣
3∑
i=1
di(1− n2i )
∣∣∣∣∣ ≤
3∑
i=1
|di|n2i +
3∑
i=1
|di|(1− n2i ) =
3∑
i=1
|di| ≤ 1, (92)
where we have used the normalisation condition ‖n‖ = 1, which implies n2i ≤ 1,∀i.
Since the states in the |Ψ−〉-corner are constrained to move on planes parallel to
the octahedron face opposite to B0, these states remain on iso-concurrence planes at all
times (compare figs. 3a and 3b). More specifically, as shown in [15], the points in this
corner are characterized by negative coordinates: di ≤ 0,∀i. Hence, the concurrence (91)
for these states can be rewritten as
C(d) = −1
2
− 1
2
∑
i
di =
1
2
(−1− k), (93)
where we have used tr β =
∑
i di = k and, for entangled states in this corner, k < −1.
In the other corners of the tetrahedron only one of the coordinates is negative, and
we denote it with ν: dν ≤ 0, where d represents the initial state. We then have
C(d) = 1
2
(
−1 +
ν+1∑
i=ν−1
|di|
)
=
1
2
(−1− dν + dν−1 + dν+1) = 1
2
(−1 + k − 2dν) . (94)
Let df represent the final, asymptotic state of the system after collective dephasing, and
let us once again denote the negative components of d and df with a subscript ν, i.e., we
have dν ≤ 0 and dfν ≤ 0, respectively. Since the eigenvalue λ2(n) has a double degeneracy,
but the points in the B1 . . . B3 corners can only have a single negative component, the
negative eigenvalue after collective dephasing must necessarily be
dfν = λ1(n) =
ν+1∑
i=ν−1
din
2
i . (95)
The concurrence of the final state then reads
C (df) = 1
2
max
{
0,−1 + k − 2dfν
}
=
1
2
max
{
0,−1 +
ν+1∑
i=ν−1
(1− 2n2i )di
}
.
(96)
It follows that C(d) = C(df) ⇐⇒ n = ±eν , i.e., the initial concurrence of states in
the three triplet corners can only be preserved if the magnetic field is chosen along the
special direction that characterizes the respective corner. Moreover, (96) allows for an
estimation of the loss of concurrence due to small deviations from eν .
Let us conclude this section by highlighting the relationship between the different
types of states and the respective magnetic field directions: the concurrence of a Bν-like
state is conserved under collective dephasing if and only if the magnetic field points in the
eν direction, while in B0-like states the concurrence is always conserved, independently of
the direction of the magnetic field. This means that, independently of the field direction,
one quarter of the entangled Bell-diagonal states shows preserved concurrence, while an
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additional quarter of states that depend on the magnetic field direction shows the same
effect.
Let us briefly remark on the applicability of the results of the present section to
states that are not Bell-diagonal, i.e., which have non-vanishing reduced Bloch vectors.
To this end, let us consider a state ρG
.
= (rA, rB, β
G) and the local operation τ such that
ρBD = τ [ρG]
.
= (0, 0, βBD) [44]. The operation that transforms a general two-qubit into a
Bell-diagonal state, i.e., sets the reduced Bloch vectors to zero, is a local operation that
cannot increase entanglement [44], therefore C(ρBDs ) ≤ C(ρGs ), where the behaviour of the
lower bound C(ρBDs ) under collective dephasing can be controlled, e.g., by manipulating
the magnetic field direction as described above.
Despite the possibility to achieve conservation of entanglement in a Bell-diagonal
state, the concurrence of the more general state can still decrease due to the time evolution
of the reduced Bloch vectors. Perfect conservation of concurrence in a general bipartite
state is consequently only possible when concurrence is preserved in the corresponding
Bell-diagonal state, and when additionally both initial reduced Bloch vectors are parallel
to the magnetic field direction, which is the only possible case where the reduced Bloch
vectors of the initial and asymptotic state coincide, as per (37).
5.7. Time-invariant states vs. time-invariant entanglement
Let us review the insights gained in the previous section on the entanglement dynamics
under collective dephasing employing the geometric representation of the tetrahedron
picture. The state |Ψ−〉, represented as one of the corners of the tetrahedron, is
completely unaffected by the collective dephasing process because it is an eigenstate of
the Hamiltonian of the system for every magnetic field direction. The state is therefore
time-invariant. This is true also for all the Werner states s |Ψ−〉 〈Ψ−|+ (1− s) I4
4
. In the
geometric framework, these states constitute the rotation axis of the tetrahedron that
passes through B0 and the origin.
For the other Bell states, as well as the respective mixtures with the identity
(Werner-like states), the previous remarks only hold provided the magnetic field is chosen
according to the association rule (68), since in that case the respective Bell state becomes
an eigenstate of the Hamiltonian. This explains and generalizes the observations reported
in [45], where a dynamical evolution equivalent to the collective dephasing along the
z axis is applied to the Werner and Werner-like states. Those obtained from the |Ψ±〉
states are then categorized as ‘robust’, while those from |Φ±〉 are ‘fragile’. In fact, as
we have shown above, only the Werner state (59) is robust under collective dephasing
in any field direction, while the other Werner-like (64) states are robust only when a
specific direction is chosen [15].
The preservation of entanglement within decoherence-free subspaces [46, 47, 48] –
which in the present case, due to the absence of a Hamiltonian evolution, coincide with
the above-mentioned time-invariant subspaces – is a rather obvious phenomenon: if
the state does not evolve in time, then its properties are naturally also conserved. Our
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analysis, however, points out the non-trivial possibility of time-invariant entanglement of
states beyond time-invariant subspaces [15], see also [49]. In fact, as pointed out above,
all states in the B0 corner remain at a level of constant concurrence, even if they do not
belong to the axis of time-invariant (Werner) states.
5.8. Summary
In the present section we have studied the behavior of initially correlated quantum states
under the influence of the collective dephasing evolution. To this end, we have extended
the analysis of the correlation rank L under collective dephasing to states of arbitrary
initial correlation rank. Furthermore, we have presented a convenient geometrical setting
to describe Bell-diagonal states and their evolution under collective dephasing. This
geometrical interpretation allowed us to demonstrate that highly correlated (L = 4)
initial states retain their strong correlations, as quantified by L, under the collective
dephasing dynamics for almost all choices of the magnetic field direction.
Combining the a geometric description of the collective dephasing dynamics with
a geometric interpretation of the concurrence – an entanglement measure – we have
characterized a finite set of states showing time-invariant entanglement despite their
incoherent evolution.
5.9. Extension to the multipartite case
Some features of bipartite states can be directly generalized to a multipartite setting. For
example, the generalized Werner states, i.e., those states that are invariant under U⊗N -
operations [18, 50], are the fixed points of the collective dephasing map for any number
of qubits [15]. In [15], the decay and the time-invariant preservation of multipartite
entanglement properties was also provided. A compelling explanation for the mechanism
that enables this phenomenon in a multipartite case is, however, presently unavailable.
In the following we allude to two possible approaches towards achieving this goal.
The conservation of tr β in bipartite states of qubits can be related to the overlap
between the state of the system ρ(t) and the singlet state |Ψ−〉 〈Ψ−| [15]. This is true
for any state |φ〉 that is an eigenstate of the collective dephasing Hamiltonian for an
arbitrary choice of the magnetic field direction. These eigenstates are the multi-qubit
singlet states [51], which exist only for an even number N of qubits, and are a family
of N !/[(N/2)!(N/2 + 1)!] linearly independent states. The overlap with each of these
states is an integral of motion, which in the bipartite case reduces to the conservation of
entanglement for all magnetic field directions. It is however not clear whether the overlap
with the multi -qubit singlet states is related to entanglement, especially considering
that we observe conserved entanglement properties for any – and not just for an even –
number of qubits.
Another approach originates from the observation that the collective dephasing
map describes a simultaneous rotation of all qubits, hence it has a set of fixed points,
the rotation axis, and the (hyper-)planes orthogonal to it are mapped onto (a subset
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of) themselves. The fixed points of the map are the Werner states [15], and, in the
tetrahedron of Bell-diagonal states, the planes orthogonal to the rotation axis contain
the states with the same amount of entanglement. In an analogous higher-dimensional
picture, the set of states orthogonal to the family of multipartite Werner states may lead
to an interesting set of integrals of motion.
6. Conclusions
To summarize, we provided a detailed analysis of the impact of a collective dephasing
process on the correlation properties of bipartite states. Based on the Kraus
representation of the dephasing process [15], we provided conditions that enable the
generation of states with high correlation rank and non-vanishing quantum discord from
uncorrelated or only weakly correlated states.
Using an intuitive geometric representation of the state space and the collective
dynamics, we investigated the entanglement dynamics under collective dephasing. For
initially entangled states, we provided conditions that ensure the complete preservation
of the entanglement for all times under the dephasing dynamics. Surprisingly, this is
possible even for large families of states that do not belong to time-invariant subspaces,
i.e., states that change in time due to the incoherent dynamics. While some of the results
could be generalized straight-forwardly to multipartite scenarios, a compelling picture
describing time-invariant multipartite entanglement remains to be conceived.
Since collective dephasing represents one of the dominant sources of error for many
experiments with trapped atomic particles, we expect that the results derived in the
present article can be readily harnessed in state-of-the-art setups with trapped ions [6, 7]
or ultracold atoms [8].
Note added.—An experimental observation of time-invariant entanglement was
reported in [52] after completion of this manuscript.
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